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The Intrinsi Spin Hall Condutivity in a Generalized Rashba Model
P.L. Krotkov and S. Das Sarma
Condensed Matter Theory Center, Department of Physis,
University of Maryland, College Park, MD 20742
We alulate the intrinsi spin Hall ondutivity σ
sH
of a two-dimensional eletron system within
a generalized Rashba model, showing that it is, in general, nite and model-dependent. Considering
arbitrary band dispersion, we nd that σ
sH
in the presene of the linear-in-momentum spin-orbit
oupling of the Rashba form does not vanish in the presene of impurities exept for the preisely
paraboli spetrum. We show, using the linear response Kubo formalism, how the exat anellation
happens for the quadrati dispersion, and why it does not our in general. We derive a simple
quasilassial formula for σ
sH
in terms of the Fermi momenta for the two eletron hiralities, and
nd that σ
sH
is in general of the order of the squared strength of the Rashba term.
PACS: 72.25.-b, 71.70.Ej
The spin Hall eet [1℄ is either a brand new sub-
jet [2, 3℄ or a rather old one [4℄ depending on one's
perspetive. Muh reent interest has foused on the
intrinsi spin Hall eet (ISHE) where a non-magneti
system (e.g. a III-V semiondutor) spontaneously ex-
hibits a bulk spin Hall ondutivity σsH (i.e., a spin
ondutivity transverse to the diretion of an external
eletri eld in the absene of any applied magneti
eld) arising entirely from the spin-orbit oupling ef-
fets in the underlying one-partile band struture. The
ISHE is to be distinguished from its better-known oun-
terpart, the extrinsi SHE (ESHE) [5, 6, 7℄ predited
by Dyakonov and Perel [4℄, whih arises due to spin-
orrelated asymmetry in impurity sattering. Reent
laims of experimental observations of both ESHE [8, 9℄
and ISHE [10℄ (in semiondutor strutures) make the
subjet partiularly interesting sine there is ontroversy
about the existene of ISHE in various theoretial models
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21℄. In partiular,
within the extensively studied Rashba model [22℄, aris-
ing from the spatial inversion asymmetry in 2D systems,
the intrinsi σsH has been laimed to be a large univer-
sal onstant [3℄ e/8π, where e is the eletron harge, but
subsequently it was found that an arbitrarily small on-
entration of impurities in the Born approximation (i.e.,
when one neglets all spin-related asymmetry in sat-
tering leading to ESHE) introdues vertex renormaliza-
tion exatly aneling [11, 12, 13, 14, 15℄ the universal
ISHE predited in the Rashba model in [3℄. (The same
anellation also ours for the 2D Dresselhaus model
for the linear-in-momentum spin-orbit oupling.) For
other models of spin-orbit oupling, e.g. the 3D Dres-
selhaus model [20℄ or the Luttinger model for the va-
lene band holes [21℄, the ISHE has been theoretially
alulated to be nite and model-dependent. Sine the
Rashba model is by far the most widely studied model
for the spin-orbit oupling in 2D semiondutor stru-
tures and sine impurities are ruial for the validity of
the linear response theory, the preise vanishing of the
ISHE in the Rashba model has led to substantial on-
fusion about whether the ISHE, as opposed to ESHE
[4, 5, 6, 7℄, whih is always present, is ever nite in the
Rashba model [11, 12, 13, 14, 15℄ and perhaps even in all
models [19℄.
We show in this Letter that the preise vanishing of
the 2D ISHE in the Rashba model is limited to quasi-
lassial alulations for the usually assumed quadrati
unperturbed band spetrum
ǫ0(p) = p
2/2m. (1)
In fat, the anellation is aidental, and slight hanges
in the model (i.e., using a band dispersion dierent from
the usual paraboli band dispersion) give rise to a -
nite ISHE even in the Rashba model. While the vertex
orretions do derease the magnitude of intrinsi σsH,
they ontain an integral over momenta that depends on
band dispersion ǫ0(p), and σ
sH
is nite for a general (i.e.
non-paraboli) band dispersion, albeit expliitly model-
dependent. Our nding of a nite 2D ISHE in the gener-
alized Rashba model is of partiular signiane in estab-
lishing a matter of priniple, refuting the earlier ndings
of either the large universal ISHE or the vanishing ISHE.
In the presene of spin-orbit oupling in a Hamiltonian,
a spin urrent of the from
jαi = σ
sHeαijEj . (2)
should appear in the kineti equation for the spin density.
This quantity leads to spin aumulation at the boundary
of a sample, limited by spin diusion, when an eletri
urrent is passed in the absene of magneti eld (the
spin Hall eet). The appearane of suh a urrent was
predited for a band struture of III-V semiondutors
[2℄ and for general 2D Rashba oupling [3℄, and has been
a subjet of a great deal of reent ativity [1℄.
We derive in this Letter the spin Hall ondutivity
for a general spetrum, whih has a simple quasilas-
sial limit. First we demonstrate how the anellation
for the paraboli dispersion, already noted in the liter-
ature [11, 12, 13, 14, 15℄, takes plae and also why it
is not universal but expliitly depends on the spetrum.
We then provide the general quasilassial limit for the
ISHE ondutivity.
2Consider the two-dimensional eletron Hamiltonian
H = ǫ0(p) + αzˆ(σ × p) (3)
omprising an unperturbed part ǫ0(p) and the Rashba
oupling (parameterized by the strength α) of spin and
orbital movement in the plane dened by the normal zˆ.
From (3) the veloity operator is
vi(p) = ∂piH = ǫ′0(p)pˆi + αezjiσj . (4)
The spin-veloity is usually dened as
vµi (p) =
1
2
{vi, σµ} = ǫ′0(p)pˆiσµ + αezµi. (5)
In the framework of the linear response theory the spin
Hall ondutivity an be alulated as a bubble (Fig. 1)
with the vetor verties j = ev and jz = 1
2
vz .
To emphasize the anellation we break up the spin-
Hall ondutivity in two parts (the two terms in paren-
theses)
σsHij (Ω) =
e
2Ω
T
∑
ω
∑
p
tr[vi(p)G(p, ω)
× (vzj (p) + V zj (ω,Ω))G(p, ω +Ω)]. (6)
The rst term is the bare bubble in Fig. 1 (a), the se-
ond term is the result of the summation of the ladder
series in Fig. 1 (b). The terms of the ladder series do
not vanish after averaging over pˆ beause the Green's
funtion G(p, ω) for the Hamiltonian (3) itself depends
on the diretion of momentum.
The ontribution from the rst (bare) term in (6) is
σsHij = ezijσ
sH
0 , where the quantity σ
sH
0 is given by an
integral that depends on the spetrum ǫ0(p):
σsH0 =
e
Ω
T
∑
ω
αA[ǫ0], (7)
where
A[ǫ0] =
i
4
∑
p
ǫ′0(p)[Gu+Gd −Gd+Gu]. (8)
Here Gu,d(p, ω) = (iω˜− ξu,d(p))−1, where ξu,d = ǫ0(p)∓
αp − ǫF and ω˜ = ω + 12τ sgnω, is the Green's funtions
for the hiral eigenstates of the Hamiltonian (3). For
brevity we omit the arguments of the Green's funtion,
and denote the ones with ω +Ω by the subsript +.
Taking the integral over momenta in (8) in the ξ-
approximation with quadrati spetrum (1) we nd (see
below for details)
σsH0 =
e
8π
4∆2τ2
1 + 4∆2τ2
, (9)
where 2∆ = 2αpF is the value of the spin-orbital energy
gap for the two hiralities at the Fermi level. In the lean
limit τ → ∞, Eq. (9) gives to the universal onstant
e/8π [3℄ independent of the strength of the spin-orbit
interation α. The physial meaning of this onstant an
be easily seen if one arries out the frequeny summation
in σsH0 rst. Then in the lean limit one gets
σsH0 (Ω) =
αe
2
∑
p
ǫ′0(p)
nF (ξu)− nF (ξd)
(ξd − ξu)2 +Ω2 (10)
whih at T = 0 singles out the annulus pd < p < pu, pop-
ulated by the eletrons with the hirality u only, where
pu,d =
√
m2α2 + 2mǫF ±mα are the Fermi momenta for
the two hiral eigenstates for the spetrum (1):
σsH0 (0) =
αe
2
∫ pu
pd
pdp
2π
ǫ′0(p)
(2αp)2
=
e
8π
pu − pd
2mα
=
e
8π
. (11)
In (6) the ladder summation is arried out in the form
of the renormalization of the spin-veloity vertex vz →
vz + Vz. The result for the summation of the ladder
orretions is of ourse independent of whih of the two
verties, the urrent ev or the spin-urrent 1
2
vz , in (6)
is renormalized. Straightforward alulations (shown at
the end of the paper) yield the ladder orretion ezijσ
sH
L ,
where
σsHL =
e
Ω
T
∑
ω
A[ǫ0]
αB[ǫ0]− C[ǫ0]
2πν0τ −B[ǫ0] . (12)
Here
B[ǫ0] =
1
4
∑
p
(Gu+ +Gd+)(Gu +Gd) (13)
C[ǫ0] =
1
4
∑
p
ǫ′0(p)[Gu+Gu −Gd+Gd]. (14)
Exept for the averaging over diretion pˆ of momentum,
we did not perform momentum integration in the quan-
tities A[ǫ0], B[ǫ0] and C[ǫ0]. Summing up σ
sH
0 and σ
sH
L ,
we see that
σsH =
e
Ω
T
∑
ω
A[ǫ0]
α2πν0τ − C[ǫ0]
2πν0τ −B[ǫ0] . (15)
An exat anellation takes plae only when C[ǫ0] =
α2πν0τ . This is the entral result of the paper. Suh
a anellation is indeed what happens for the quadrati
spetrum (1).
In general, keeping ǫ0(p) for band dispersion in the
Green's funtions, we get in the ξ-approximation
C[ǫ0] = 2πν0τ
I
Ωτ + I
νuǫ
′
0(pu)− νdǫ′0(pd)
4ν0
. (16)
Here νu,d is the density of states on the Fermi surfae for
the hiralities u and d, ν0 = (νu + νd)/2 by denition,
and I = 1
2
(sgn(ω + Ω) − sgnω) is a fator aounting
for the requirement that the two poles in the Green's
funtions in the bubble lie in dierent half-planes (i.e.,
one Green's funtion is retarded and one advaned). If we
suppose Ω > 0, then this fator equals unity in the band
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Figure 1: Bubble diagrams for the spin Hall ondutivity:
bare (a) and with vertex renormalized by the ladder series of
impurity sattering (b). Equation on the latter ().
−Ω < ω < 0 and zero otherwise. Suh a fator generally
appears in the frequeny summation in σsH, whih means
that all quantities under the frequeny summation should
be taken in the speied frequeny band, where we may
simply deem I = 1. For Ω < 0 the reasoning is similar.
We note that the density per hirality in 2D irrespe-
tive of the spetrum is nu = p
2
u/4π, hene dnu/dpu =
pu/2π. On the other hand, using that, by denition, ǫF =
ǫ0(pu)−αpu, we get dnu/dpu = νudǫF /dpu =νu(ǫ′0(pu)−
α). For the d hirality, we get analogous expressions with
the opposite sign before α. We nally get
νuǫ
′
0(pu)− νdǫ′0(pd)
4ν0
=
α
2
(
1 +
pu − pd
4παν0
)
. (17)
We therefore redued the expression that expliitly de-
pended on the eletron spetrum by a simpler one that
still depends on the spetrum impliitly through the
Fermi momenta pu,d for the two hiralities. In this new
form, Eq. (17), however, we immediately see whether
the exat anellation for ISHE takes plae for a given
spetrum. For the quadrati dispersion (1) pu − pd =
2mα = 4απν0, where ν0 = m/2π, so that (17) gives α,
and C[ǫ0] = α2πν0τ exatly anels out the spin Hall
ondutivity (15).
Above we used the ξ-approximation in its usual form,
i.e. the prefators before the Green's funtions were
taken at the Fermi level. It may be shown that for the
quadrati spetrum (1) the anellation is exat in all
orders of the quasilassial approximation, i.e. if one ex-
pands prefators in powers of ξ, all the terms vanish.
We an alulate the total spin Hall ondutivity for an
arbitrary spetrum in the quasilassial ξ-approximation.
Using the expressions for B and A[ǫ0] obtained in the end
of the paper, we get for the sum of the bare and ladder
ontributions:
σsHij = ezij
e
8π
(
pu − pd
4παν0
− 1
)
. (18)
For a spetrum dierent from (1), the anellation in
the expression above does not take plae, e.g., if ǫ0(p) =
v0p, then pu,d = ǫF /(v0 ± α) and
ν0 =
νu + νd
2
=
ǫF
2π
v20 + α
2
v20 − α2
. (19)
So that pu − pd = 4πν0α(v20 − α2)/(v20 + α2), whene
σsH = −(e/8π)2α2/(v20 + α2).
It may be shown that the net σsH is always at most
of the order α2. Expanding pu,d in (18) in powers of
α around the Fermi momentum pF of the general band
dispersion ǫ0(pF ) = ǫF , we nd that the lowest order
expression always anels the unity in the parentheses of
Eq. (18), and leaves the next order term, O(α2), as the
leading ISHE ontribution for small α.
Below we provide details of the derivation of our results
above. The Hamiltonian (3) an be diagonalized:
U+HU = ǫ0(p)− αpσz , (20)
by rotation in spin spae:
U =
1√
2
(
1 1
ieiϕpˆ −ieiϕpˆ
)
(21)
where ϕpˆ is the angle between pˆ (the diretion of ele-
tron momentum) and xˆ. The eigenstates of the rotated
Hamiltonian (20) are spin up and spin down. In the
original basis they orrespond to the two hiralities (spin
along and opposite to zˆ × pˆ). Columns of U give the
eigenfuntions in the original basis.
In the basis of the hiral eigenstates the Green's fun-
tion, whih is a matrix in spin spae, is diagonal with the
elements Gu,d. In the original frame
G(p, ω) = U
(
Gu 0
0 Gd
)
U+
= 1
2
(Gu +Gd)− 12 (Gu −Gd)ezijσipˆj . (22)
The renormalized vertex Vz is found from an inhomo-
geneous linear equation
Vz =
1
2πν0τ
∑
p
G(p, ω) (vz(p) +Vz)G(p, ω +Ω),
(23)
represented by the diagrammati equation in Fig. 1 ().
Here 1/2πν0τ is the impurity line in the Born approxi-
mation. The inhomogeneous term, being a spin matrix,
has only o-diagonal elements (i = x, y)
∑
p
G(p, ω)vzi (p)G(p, ω +Ω) = σiA[ǫ0]. (24)
4Hene Vz only has the same omponents (that depend
on ω, Ω and not on p):
Vz =
σA[ǫ0]
2πv0τ −B . (25)
Calulating the ladder ontribution to the ondutivity
with the renormalized vertex Vz we get (12).
Finally, we alulate in the ξ-approximation the quan-
tities A[ǫ0], B[ǫ0] and C[ǫ0] introdued in (8), (13) and
(14). The ξ-approximation onsists in replaing
∑
p
→
ν
∫
dξ, all prefators before the Green's funtions being
taken at the Fermi level. The pairs of Green's funtions
for the same hirality are the easiest:
∑
p
Gu+Gu =
∫
νudξu
(ξu − i ˜(ω +Ω))(ξu − iω˜) =
2πνuτI
Ωτ + I
,
(26)
and analogously for the d hirality. The ross-produts
on the other hand depend on the gap ∆ at the Fermi
surfae ξu,d = ξ ∓∆:
∑
p
Gu+Gd =
2πν0τI
Ωτ + I − i2∆τ , (27)
and the expression with ∆ ↔ −∆ for the rossprodut
Gd+Gu. Hene we nd, taking Ωτ → 0 and in the band
of frequenies where I = 1:
A[ǫ0] = −2πν0ǫ′0(pF )
∆τ2
1 + 4∆2τ2
, (28)
2πν0τ −B[ǫ0] = 2πν0τ 2∆
2τ2
1 + 4∆2τ2
, (29)
and the expression (16) for C[ǫ0]. The produt
2πν0ǫ
′
0(pF ) = pF , so that αA[ǫ0] = −∆2τ2/(1 + 4∆2τ2).
In summary, we have shown that the vanishing of the
2D ISHE within the Rashba model of spin-orbit ou-
pling is spei to both the linear-in-momentum Rashba
oupling [11℄ and to the paraboli energy band disper-
sion. For a general band dispersion, the ISHE within
the Rashba model is nite, albeit strongly dependent not
only on the Rashba oupling α but also on the details
of the band dispersion. In general, the impurity vertex
orretions suppress the intrinsi σsH from its universal
value of e/8π, reduing it to some small nonuniversal
nite value of order α2. Our result, ombined with re-
ent theoretial demonstrations of nite ISHE in the 3D
Dresselhaus model [20℄ and the Luttinger model [21℄, es-
tablish that the intrinsi spin Hall eet is theoretially
well-dened, but non-universal.
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